
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



The Asymptotic Equation and Satellite Conic of the 

Plane Quartic. 

By Tbkesa Cohen. 

The four tangents at the intersections of a line (£x) with a quartic curve 
(a*) 4 can theoretically be obtained as follows: 

Let y be one of these intersections ; then the four tangents are given by 
eliminating y from 

(ay) i =0, the condition y be on the quartic, 
(ax) (ay) s =0, the tangent to the quartic at y, 

(gy) =0, the condition that y be on the line. 

The eliminant is of seventh degree in the coefficients of the quartic, fourth 
degree in x and twelfth degree in £ ; all of which may be summed up by saying 
that it is an A 7 x 4 £ n . For a given £ it gives the four tangents at the intersec- 
tions of the line (%x) with the quartic; hence, it is called the asymptotic equa- 
tion of the quartic. But, equally well, for a given x, it gives the twelve points 
of contact of tangents from x to the curve. 

The four tangents may be thought of as making up a second quartic, and 
on them and (a*) 4 can be built up a whole pencil of quartics, each member of 
which cuts the quartic twice at the points where (%x) cuts it. Therefore in the 
pencil must be a member made up of the line (£x) counted twice and a conic on 
the remaining eight points where the four tangents cut the quartic, the so-called 
satellite conic. If 8=0 be this conic and T=0 the four tangents, 

r+a,(aa0 4 =(«£) 2 #; (i) 

or, more symmetrically, since T bears the same relation to (a£) 12 , the quartic in 
lines, as to (a#) 4 , the quartic in points, 

Since T is an A 7 x 4 ^ 12 , S must be an J. 7 a? 2 £ 10 . The object of this paper is to express 
8, and therefore T, in terms of known comitants of the quartic (oca?) 4 , 
41 
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The A'x 2 ^ 10 , considered as an equation in x, is the satellite conic of a line 
£ ; that is, it is the conic on the eight points where the tangents to the qnartic 
at its intersections with the line £ again meet the quartic. But considered as 
an equation in £, it is a curve of class 10 on the ten tangents to the quartic 
from each point of contact of the twelve tangents from a point x. Each double 
point of the quartic absorbs two of the tangents ; therefore, the degree of the 
conic in £ decreases by two for each double point, so that the existence of six 
double points causes the satellite to vanish. 

To express this satellite in terms of known forms of the quartic, it is best 
to take up special cases where the satellite is known. Three such have been 
found sufficient. 

Special Cases. 

Case I. 4x (xl+xl) =0. 

This represents four lines, three of which are on a point. Owing to the presence 
of six double points, #=0. 

Case II. x%-\-x{-\-x%=0. 

To obtain the four tangents it is necessary to eliminate y from 

yi>+yi+yi=0, %<>yl+Xiyl+%2yl=o, £oyo+&yi+&y«=0. 

This may be accomplished by means of the eliminant of 

ctoyt+ct 1 yi+a 2 yl=0, Poy* +Piyl+{3 2 yl=0, 2/0+2/1+2/2=0, 
which is found to be * 

+18Mia 2 |4(/3)&/3A- Wi) I- 
x- 1 

Let 2/i=£«2/i > a i = T$> ^i = ~ct- Then the second set of equations reduces to 

the first set and the eliminant, after clearing of fractions, becomes 

^(a 2 +3^+3^1+^)+24^ 1 ^ 1 (-£!+12^-3a) 

+26^^(^+5^J+5«fi-3g)+k2a*B t a^ 1 6(2^}+2^-^ 

This, by equation (1), must be equal to 

M<+x\+xi) + (xznkxitiiAeo+Bmi+m) +c(&+&) +nm\ 

+hx^u,\m+F{^\+m)+o^\+^)+mmh 

* This is from a remark by Professor Morley. 
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where the expression in brackets is the satellite conic. Since 2, enters into the 
coefficient of x\ only, A, B, etc., may be obtained from the other coefficients. 

A = —l, B=— 3, G=—3, D=21, E=— 3, F=3, G=l, H=3. 

+ kx l x£&- 2[— 3^+3 im+m) + (8+8) +38&]. 
Case III. The Lemniscate: 6(x{xl+xlxl+x 2 x 2 1 ) =0.* 
It is a property of the lemniscate that a tangent at a point y meets the curve 
again in two points that lie on the conic (y/x). Now, suppose y eliminated 
between 

% + % + %=*> y!yt+yh/l+ylyl=o, tt&+v&+»&=o, 

the operation being a simple one because two of the equations are linear. The 
eliminant is an octavic, made up of the four conies (y/x) for the four points y 
in which the line £ cuts the lemniscate. Since each conic passes through the 
reference points, which are double points of the lemniscate, the thirty-two inter- 
sections of octavic and quartic are made up of the three reference points, each 
taken eight times, and the eight intersections of the curve with the four tam- 
gents at its intersections with the line £. Therefore, it must be possible to find 
a quartic (A x\x\) -f (B^xlx^) such that 

kx\x%\&+i# 2 • -2^ 1 ^+ixy 1 xi8o(8o+8+8) 
+2a**M-2&&(-IS-E+2S) 

+ (x 2 x*+x 2 xl+xtxl) [ (A xlxl) + (5o4»i« 2 ) ] =xlx\x\8, 

■d-o = £l?2> Bo — 2£ £l£2 • 

Therefore, multiplying by $£fij|, the square of the double points, 

s=&®m+ W&*, • 2 \z$m- (em+mm . 

The Expression of the Satellite in Terms of Known Comitants of the Quartic. 
The satellite, an ^V£ 10 , may be written as 

s^c 7 , 2ilo +(x£)c 7ili9 +(xzyc 7>0>8 . 

Therefore it is not necessary to deal with all possible terms at once, since we 

* SeVR. A. Roberts, " Examplesjon Conies and Higher Plane Curves." 
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must have that S — C 7j2 ,io= (#£)#' (i. e., contains (%%) as a factor), and, again, 

Let us, then, first consider the possibilities for the C 7j2( w If the two sim- 
plest contravariants of the quartic be taken as 

(*0 4 =^!|aW and (^r=t^i\a^\(3 r ^\y^\\ 

and if it be understood that 

s iSj s k zm (s£) *"* (saY (s'£) *" J ' (s'a) ' (s"£) 4 "* (s" a) fc (a*) *-*-*-» 
and 

then 

C 7f2>10 =M 011 ss?+ilfoo 2 s 1! s 2 +^ 11 ^+^ 02 « 2 , 

where the M's and JV's are coefficients to be determined. 

A relation on these coefficients is most easily obtained from Case I, where 
the satellite vanishes and, therefore, C 7)2 ,io must itself contain (a?£). 

C,.,, M =iw?$(8tf u + J lrff«) +^o^i(216M 011 +^^ 02 ) j 

+2a?[«K5(8^u+ f-tf«) +«I(432M 0U +576M 002 +8IV\ 1 +^2v' 02 ) ] 
= (a^o+aifi+a^.) [*iW?&+B®>&) +<M4#B+J?$«gfo) ] 
==2(a**&+as&) (^88+#e&8) +*i3fc(#e&+$;i8) U+£). 

B=216M on +^N 02 =^32M on +576M m +8N n +^N 02 

.-. 216M 011 +576M m +8N u =0. 
A+B=8N u +216M m =0 .-. M 002 =0, M m :N n =l: — 27 = — 6:162.* 

.-. S=-6(ssf-27*!) + (»£)£'. 
For this case 2 

^'=2a; 1 (-i296^ 4 +1296^ 1 ^). 

The correctness of this determination of C 7>2)10 may be tested on the other 
cases. For Case II, 

^-G T ,,, M =a[L«fo|-SS-3(€JgJ+^J)-3(«!+g)+2i^| 

+SM&& I -6^+6 (8g+gJ8) + 2 (£+8) + 6££ 1 ] 

?i = l, a=5, &=3, c=— 3, d = 3. 

.-. S'=ko[5^+3(^+^)-3(^+^)+3^]- 

* The factor — 6 is introduced because it simplifies subsequent work. It is introduced here to avoid 
confusion. 
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For Case III, 

+27 • 216 [2a&5 j 28£g-5 (8B8+P0E8) + 2 (gg+£g) +4£gf 
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+2 (afl+foS) +6 (eom+ztm \ j 
= (^) Wo{«5saa+6(Pofja+^;a) +e(8«i+s8) +«n- 

a,=3-27-216, a=5-27-216, 6 = — 5-27-216, c=2-27-216, d=4-27-216. 
.'. -Sf' = 27.216Wot5fJgg-5(^{g+Sg5i)+2(g;g+aa)+4^]. 
Turning now to the C 7ili9 , we have as possible terms 

<7 7 , i, 9 = Jf m a} + M 012 .ss 1 s 2 + 2V 12 y 2 + N n ti t .* 
Here it is easiest to work first with Case II. 

S'-C t , U9 =ix£ [e (5-M m -M m ) + (m+m) (3-M m ) 

If (#£) is to be a factor, the coefficient of x£ t must be the same for i=0, 1, 2; 
i e., must be symmetrical in f s . Therefore, 

5-M m -M 012 =-3, 3-M 012 =3-A4f, 

.-.M ul =8-M 012 , tf 12 =45M 012 . (2) 

In Case I, 

+2^ 1 [^(-1296-f^ 12 -f-¥ 03 ) 

+^I(1296-162M m -144M 012 -|A^ 12 — f^)], 
27M m +f¥ 12 +|^o S =1296+f^ 12 +^ 08 =-1296+162M 111 

+ 144J/„ 12 +f^ 12 +f^ 0S . 

By use of relations (2), these may be solved. 

M m =&, M m =-ft, ^i 2 =- 3 -f|- » ^03=^, 
.-. S'=f 3 (22s?-9ss 1 S2-405^ 2 +« ( >^ 3 ) + (x£)S". 

For Case II, 

s"=-3(z s )+imm). 

For Case I, 

S^-SgWi+S). 



* s 2 s a is a numerical multiple of («£) s 2 s. 
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For Case III, 

S'-C 7tl , 9 =kx£ [? (-18M m -i.N u -$N u ) 

+ (88+88) (-81M m -126M m -±N a —§N„) 
+ (8K+&8) i-243M m -270M m -3$.N u +X.N v ) 

+888(135 • 216-486M lu -540M 012 +^ 12 + 3 -p^o3) 
+ (?&+?&) (-243M ul -234M 012 -^ 12 +^ 08 ) 
+ (888+888) (-135 • 216-729M m -702M 012 -2l8^ 12 -^o3) 
+ («+S) (-81M 111 -72,¥ 012 -^ 12 +3^ 0S ) 
+ (88+88) (54 •216-324M m -288M 012 +fW 12 + 12tf 08 ) 
+88(108 • 216-486M m — 432M ul2 +84tf 12 +18# 08 ) . 
8" =^ [20 (f ) -46 (88) -132 (8fi) +987 (gjfig) ] . 

Finally, for the G 7> , 8 the possibilities are 

C 7> o, s = M m s% + M^ssl + M 112 s\s 2 + 2V 04 ^4 + iV 18 ^ 8 + N a % * 

Instead of dealing with all of these terms at once it is simpler to take 



C' 7 , ,8=M 112 sls 2 +N Oi tt i +N ls t 1 t 3 +N 22 t 2 



2 • 



Then, S" — C 7i0t 8=sS'" ; i. e., contains s as a factor. 
For Case I, 

S"-C 7 ,o, 8 =8(8+8) (-^T-36M U2 -,f-N 0i -^N 18 -^N 22 ) =0, 

.-. l||4+18M 112 +^ 04 +^ 18 +^ 22= o. (3) 

For Case II, 

s»-c 7 . ,s=ki(-3-M m ) +ieJK(£-*tf«) = (f ) • ^ (f ) 

... ^ = _3-M 112 =Ji 6 l- 5 l 5 iV 22 or _^_2M 112 +JgA r 22 =0. (4) 

For Case III, 

S"-C 7t0 , s =k 8 o(%? • 20-18M U2 +^ 04 -ftf ls -|g-iV 22 ) 

+ktil(-W • 46-180M 112 +^ 04 +^ 13 + §-tf 22 ) 

+kttt(-W • 132-324M U2 + ^ 04 +^V 13 +^ 22 ) 

+2&88(W • 987-756M 112 -^ 04 -^V 13 - 2 -i- 2 ^ 22 ) 
=3 [ (8) +2 (88) ] U (8) +# (851) ] 
=3 [4(f) + (5 + 24) (88) + (24+25) (88) 

+ (24+55) (888)]. 

* SS1.S3 is a numerical multiple of s 2 s t . 
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From this comes the single relation 

-§- • 1377+iN oi +^N ls +!§N 22 =0. (5) 

(3), (4), (5) give only three equations to solve for four unknowns. They 
may be solved for three in terms of the fourth, say M m . 

tf 4=5(£ • 3085+f>M U2 ), N 1S =5(& • -10280~a§f M 112 ), 
tf 22 =25(£.1323+2pf 112 ). 

Using these relations to obtain the coefficients of 8'" in terms of M 112 , it 
remains only to equate S'" to M m ss t +M m si. 
For Case II, 

S'"—M M tSSi—M m &= (g 4 ) (-3-M 112 -3M 00 4-M 022 ) =0. 

.-. 3+3M 00i +M m +M m =0. (6) 

For Case III, 

8"'-M ooi ss i -M m si=h i o(h • 6622+if^M U2 -54i¥oo4-14M 022 ) 

+h\&{-h ' 27052-§fSM 112 -108M 004 -52M 022 ). 

... JL . 6622+ 1 -f*M 112 -54Moo4-14M 022 =0. (7) 

-^ • 27052-^M 112 -108M 0M -54M 022 =0. (8) 

These two relations, together with (6), can be solved for the three unknowns. 

M m =— §, M 022 =f 6 -45, M m =-&-21, N 0i ==$--675, N 18 =&'U85, N 22 =0. 

Therefore, 

8=— 6(ss\— 21 1\) + (a£) • ^ (22s?— 955^-405^^+512^3) 

Tfee Satellite for the General Quartic. 

This expression for the satellite conic may be verified by use of the general 
quartic 

a«o + 6r»j + ca;| + 4a 1 a;ga; 1 + 4 a 2 a^ 2 + 4 6 a3 ajf + 4 c a; a^ + 46 2 a^a? 2 + 4 c^^ 

+ &fx\x\ + 6#a|a7o + 6 ha%x\ + 1 2£fl?|foa; 2 + 1 2mx a? 1 x 2l + 1 2nx x 1 xl = , 

where the conic can be found for a special reference triangle and line £. Let 
(a>£)=z=% , and let two of the tangents at its intersections with the quartic be 
Xx = and x 2 = 0. Then, in the equation of the quartic, 

b=c=b =c =0. 
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Beside the two reference points x =0 cuts the quartic in two points given by 

4&2#i+6/# 1 # 2 +4c 1 a|=0. (9) 

Let these two points be (0, A, 1) and (0, B, 1). The tangent at the first of 
these points is 

x (3mA 2 +3nA) +x 1 (3b 2 A 2 +3fA+c 1 ) +x 2 (b 2 A 8 +3fA 2 +3cA) =0, 

or, making use of the fact that A satisfies (9) and dividing by A, 

x (3mA+3n) +a; 1 (2M +-§-/) +%(fM + 2c 1 ) =0. 
Similarly, the tangent at(0, B, 1) is 

x (3mB+3n) +x 1 (2b 2 B+%f) +x 2 (j-fB+2c 1 ) =0. 

Multiplying these two together and making use of the symmetric functions of 
the roots of a quadratic, we have the equation of the two tangents in terms of 
the coefficients of the quartic. Then. by (1), 

2« 1 a; 2 [^(72& 2 w 2 +72c 1 TO 2 — 108/m»)+avc 1 (96& 2 c 1 w— 54 : fm) + x x 2 (96b 2 c 1 n— 54fw) 
+x\{32b\ Cl -18b 2 f ) +x 1 x 2 (4:8b 2 c 1 f-27f) + xt{32b 2 c\-18 Cl f) ] 
+a, (ao^+4a 1 *{|a; 1 +4a 2 a$K 2 + §Jix&c\ + 12lx^x 1 x 2 + &gx%x\ 
+ 12mx x\x 2 + \2nx<pc r x\ + ±b 2 x\x 2 + %fx\x\ + 4c x x x x\) = x^8. 
X=(-16b 2Cl +9f). 

8=xl(— 16ab 2 c 1 +9af) +2x x 1 ( — 32a 1 b 2 c 1 +18a 1 f 2 ) +2x x 2 (— 32a 2 & 2 c 1 +18a 2 f) 
+x 2 (—96b 2 c 1 h+54:fh)+2x 1 x 2 (—96b 2 c 1 l + 72b 2 n' i +72c 1 m 2 
+ 54fl—108fmn)+xl(—96b 2 c 1 g-\-54:fg 2 ). 

The formula to be tested is 

S=M 011 ss?+tf 11 * 2 + (a£) (Mmsl+Mouss^+NM+Nntts) 

+ {x%y (M m s% + M m ss\ + M m s\s 2 +N 0i tt i +N 13 t 1 t 8 ) , 
where 

M ou =-6, iV u =162, M m =%i, M m =-%, N 12 ==^o, N^^f, 
#«*==&, 3f«=^- 45, M 112 =^-21, ^04=^-675, tf 13= £ . 1485. 
In this case it becomes 

8=xl[ab\c\ ( -64M 011 -64M 111 -64M oia -192M 004 -64M 022 -64M m ^64) 
+a6 2 c 2 f(144M 011 +4^ 11 +144M 111 +144M 012 +4xV 12 +4F 03 +432Mo 0i 

+ 144M 022 +144M U2 +f^ 04 +4^ ls =-36) 
+ ab 2 c x f ( -108M 011 -4tf u -108M m -108M 012 -4F 12 -4iV 03 -324M 004 

-108^022-108^,-^,-4^=0) 

+a/ 6 (27i¥ on +2V u +27M m +27M 012 +^ 12 +iVr o3 _81Moo i +27M () o2 

+27M 112 +£tf 04 +tf 13 =0) 
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+ (thbtem+aJifin) (96M OU +144M X11 +144M 012 +$76M 004 +192M 022 

+ 192M 112 ^0) 
+ {aMc\fn+aJ)lc\fm) (— 96M 011 -|-J\r 11 ~144ilf m -144M 012 -4¥ 12 

-f^o8-576Jf flM -192af OB -192Jf ]U -^ 01 -^ ] ,aiO) 
+ {blc\gl+b\c\hl) (-64M 012 -576M 004 -192M 022 -64ilf U2S 0) 
+ (btcjg*+b,cim (~^ 12 _i|^ 03 _4Ar M _i| Fi _ ) 

+ h\c\fgh (32Jf „,+&#„+-§.#„+ 288M (K)4 +64M 022 +32M U2 -f N oi +fN^O ) 
+ {axbAfm + a^fn) (-144M 0U -4iV r 11 -216M m -216M ol2 -6iV 12 

-fA r 03-864M 004 -288M 022 -288M U2 -fAr 04 -8^ 13S 0) 
+ &ic?/^(64M 012 +l|F 18 +f^o3 + 576M OM +224M 022 +64M 112 +f^ 04 +fF 13S 0) 
+ (tJctftf+Mfo**) (-36M 0U -108M m -48M 012 +^ 12 -163f 022 

-150M 112 +-itf 13 =0) 
+ {btc\gm i +b\c\hn i ) (iA^+56M 012 +l# 12 +576i¥ 004 +192M 022 +62M m 

+ &!c 2 *mw(~72M 0U +f# u -216M 111 -128M ol2 +^A T 12 -576M m 

-224M 022 -368M U2 +||^ 18S 0) 
+ (o 1 ?' 2 c 1 / 3 «+«2&2C 1 fm) (144M 0U +f ^ u +216ilf m +216i¥ 012 +8A T 12 

+fF 03 +864Jf 0M +288M O22 +288M 112 +f^ 04 +f^ 13S 0) 
+ (bfafgl + b^fhl) (96M 012 +f A T 12 +f iV 03 + 864M 004 + 288M 022 +96M 112 

+8A T 04 +ftf 13S 0) 
+ (btcjgmn + bzdfhmn) (72M 011 +-|-A T 11 + 216M lai +84M 012 + 4A r 12 

+fA T 03+32M 022 +294M n2 +16tf 04 +fA^0) 
+ (bfafltf+hcfflm?) (72M m +±N n +216M m +72M 012 +J% N n +fN 03 

-32M 022 +306M 112 -^fAV+f# 13 -0) 
+ (6|c 1 w» 3 +& 2 c 2 m%) (81i¥ m — |A T 12 +32M 022 +180M ]12 -^A 7 13S 0) 
+ (blfg*+clfh*) (1^+1^03+2^+4^^0) 
+ <WV& ( -48M 012 -^|A 7 12 -f A r 03 -432M 004 -104M 022 -48M U2 

+4A T 04 -L6^ 13S 0) 
+ (W w+a 2 6 2 f%) (54M 011 +2A 7 u +81M m +81M 012 +3A T 12 +||A T 08 

+324ilf 004 + 108M 022 +108M m +fA T 04 +4/V 13 ^0) 
+ W ( -96M m — ff iV 12 -f ^ 03 -864M 004 -328M 022 -96M 112 -20A 7 04 

-ftfxs-O) 
+ (bIPgtf+clfhm*) (27M m +N u +8lM m +36M m +iN n +12M m 

+108M 112 ^0) 
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+ (b&fgm'+b&fhifi) (-36M on —^N n ^-108M m ~126M 012 -^N 12 

-f^os-864M 004 -304M 022 -240M U2 -16^ 04 -f^ 18 ^0) 
+b iCl flmn (-18M on -fN 11 -5m m +72M on -±N 12 +!§N os +864M m 

+376M m +6M m +ifN 0l -$N u ~0) 
+ (btfn'+clfm*) (-81M m — |^ 12 -180M 112 -^ lsS 0) 

+ (aj & n+a 2 f m) (-54M 0U -2N n -81M ul -81M 012 -3N 12 -j%N w 

-324 : M m -108M m -108M 112 -%N 0i -4N v> =0) 
+ (bfgl+efhl) (-36M 012 — |^ 12 -f^ 08 -324M 004 -108M 022 -36M 112 

-4tf 04 -ftf 13 =0) 
+ (b.fgmn+cffimn) (-54,M m -2N u -l62M m -63M 01z -i§N n ~^N 0S 

~24M m -216M 112 -8N 0i -fN 13 =0) 
+ (hfln'+cJHm 2 ) (—MM ai -2N a —162M m -54M m —3§N a -±N at 

+ 24M m -216M U2 +fN 0i -fN ls ^0) 
+ (b 2 fmn 3 + Cl fm s n) (243M lu +f N 12 -2±M m +504:M U2 +fN 13 ^0) 

+fgh(18M m +$N u +$N n +162M M +42M m +18M m -$N Oi +$N u em0) 

+fl\36M 012 +±N n +fN^+32m m +120M m +36M 112 +fN 0i +fN Js ^0) 
+ (f'gmt+fhn*) (27M m +N n +81M in +63M al2 +fN 12 +%N 08 +324 : M m 

+ 120M m +lUM U2 + 8N M +%N uS *0 ) 
+flfn»(54M m +2N n +162M m +18M m +%N u -$N at -324M m 

-1563I m +180M U2 -U Noi+ ^ N ^ 0) 

+fmV(-162M m -fN 12 +iN o3 +36M m ~32m m +fN 0i -fN J3 ^0)] 
+22x x 1 [a 1 b 3 2 c 3 1 (-64M 0U -32M 111 —32M ol2 =Bl28) 

+aJ>l4f(lUM 0U +4:N 11 +72M m +72M 012 +2N 12 +±N os ^-72) 
+blcigtn(-±M m +±N 12 ^0) 

+blclhm(96M 0U +72M m +68M 012 +±N 12 ^0) 

+ b\c\ln (96M ou + 72M m + 80M 012 — if N 12 ^0 ) 

+blc 1 fgn(-6M 012 -^ o N ls -^N os ^0) 

+blc*fhn(-96M m -±N u -72M m ~70M 012 -^N 12 -lN (lS =0) 

+ bi(%flm(-96M m -±N u -72M ul -76M m -mN n -%N O3 ^0) 

+ blc 1 n*(-36M 0U -*lM m -±8M m -£F 12 ^0) 

+ ttenfn(-72M m +±N 11 -igM m -72M oa +%N ]a ^0) 

+<hhc 1 f i (-108M oll -4N 11 -54 : M m -54:M m ~2N 12 -±N ()S =0) 
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+ b 2 ctfhm(-lUM 011 -4:N u -108M m -l05M 012 -^N 12 -j±N^0) 

+ blnfln ( -144M 0U -4tf u -108M m -114M 012 H S^-f^^O ) 

+&ic 1 /w% 2 (144M 011 +-|^ 11 +135M m +156M 012 +-||^ 12 +f^ 03 =0) 

+b 2 c*fmH72M ou +±N n +^M ul +72M u+-§N 12 +%N oa =0) 

+ blfgn(iM m +^N 12 + ^N os ^0) 

+ b 2 c 1 fhn(U4:M 011 +fN u +108M lu +^M 012 +^N 12 +^N 03 ^0) 

+ & 2 c 1 fZm(144M 0U +f^ 11 +108M 111 +llli¥ 012 +^ 12 +-f|^ 03 =0) 

+ &I/V(27M n+^ 11 +^m+36M 012 +^ 12 =0) 

+ & 2 c 1 fm%(-54M 0U -2^ u _filf m -54M 012 -4|F 12 -f^ 03 =0) 

+'a 1 / 6 (27M 0U +^ 11+ fM m +fM 012 +-i-^ 12 +i^ 3 S 0) 

+ & 2 /Vm(— |M 012 -iiV 12 — §^08-0) 

+ c 1 /^m(54M 011 +2Ar u +fM ul +fM 012 +Jf^ 12 +|i¥ 3=0) 

+& 2 /%(54M 011 +22Vr 11 +fM 3U +fM 012 .+-i|-^ 12 +^ 3-0) 

+6 2 fmn 2 (-108M 011 -4^ 11 _2|3 Mm _ 117Moi2+ i£ iV r 12 _^ 08= o) 

+ Cl fm 3 (-54M 0U -2tf u -54M m -54M 012 -2# 12 -|2\r 03 =0) 

+fhn(-54M m -2N n -%M m -%M m -%N a -%N ot =0) 

+ fnm(-UM 011 -2N n -^M m -fM nl2 -^N 12 -^N m ^0) 

+rm z n(81M ou +3N n +81M in +81M ol2 +3N^ + ^N os ^0)] 

i[&^(-64M 0U =384) 
+ b\c\mn (24M 0U +|-iV u =0 ) 
+61c 2 f/i(144M 011 +4iVr uS _216) 
+ &tc 1 /n 2 (36M 0U +-ftf 11 =0) 
+ blctfm* ( -24M 0U -f ^0 ) 
+ fciA/W ( _90M 0U -^ llS ) 
+ btcfh ( -108M 0U -4tf u =0 ) 
+ 6 2Cl fm 2 (54M 011 +2F 1]L =0) 
+ &l/V(-27M 0U -iV u =0) 
+ & 2 fm«(54M 011 +2A ir u =0) 
+fA(27Jf ol +^u-0) 
+fm 2 (-27M 011 -tf 11 =0)] 
+ 2x x x 2 [ b\c\ I ( — 64M 0U =384 ) 

+ (blcW+bldm*) (60M m +$N a —288) 
+ b\o\fl (1UM 0U +4N U =-216 ) 



336 Cohen: The Asymptotic Equation and Satellite Conic, etc. 

+ blctfmn ( — 120M ou — f # u =432 ) 
+ (6^/V+6 2 cff w 2 ) (-81M 011 -3iV r uS 0) 
+& 2 c 1 fJ(-108M 011 -4tf 11 ^0) 
+ b s cj 3 mn ( 162M 011 + 6# u =0 ) 
+ (yV+ Cl /V) (27M oll +tf llSa 0) 
+/ a Z(27M 0U +A T u ^0) 
+f mw ( — 54M 011 — 2N n ^0 ) ] 
= — 461c?[^(— 16a& 2 c 1 +9af)+2a; a; 1 (— 32o 1 & 2 c 1 +18a 1 f) 

+ 2a a; 2 ( — 32a 2 & 2 c 1 + 18o 2 f ) + x\{ — 96b 2 c x h + 54/%) 
+ 2x^ ( — 96b 2 c 1 l + 72& 2 w 2 + CjW 2 + 54/ 2 Z— 108/m») 

+^(-96& 2 c^+54/V). 
Therefore the expression for the satellite is correct. 

It follows directly from (1'), when (a£) 12 is taken as s s — 27£ 2 , which in this 
case becomes 4& 2 c 2 ( — 16&2CJ+9/ 2 ), that 

T-{axY{a£,y={xZyS. 
Therefore the asymptotic equation of the quartic is 
(s s —27t 2 ) (axy—6(ssl—27tl) (x%y 

+^(22sl—9ss 1 s 2 —405t 1 t 2 +?ftt s )(x£) s 
+&-ts\+fssl- 2 isls 2 -^tt i +if^t 1 t 3 )(x£y = 0. 

Johns Hopkins University, December 20, 1915. 



